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Abstract
Occupation numbers of natural orbitals capture the physics of strong electron correlations in
momentum space. A Natural Orbital Density Functional Theory based on the antisymmetrized
geminal product provides these occupation numbers and the corresponding electron momentum
density. A practical implementation of this theory approximates the natural orbitals by the Kohn-
Sham orbitals and uses a mean-field approach to estimate pairing amplitudes leading to corrections
for the independent particle model. The method is applied to weakly doped La2CuO4.
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A key characteristic of an interacting electron system is the electron momentum density
(EMD). For metallic systems one can also define the Fermi Surface (FS) as the break in the
EMD whose presence reveals the existence of quasi-particles and the validity of the Landau-
Fermi liquid theory [1]. FS studies are particular needed in the field of high temperature
superconductivity. Figure 1 shows the calculated FS of the well known HgBa2CuO4 [2] while
Figure 2 illustrates the evolution of the FS topology with doping of a less known compound
studied by Jarlborg et al. [3]. One can notice in Fig. 2 a topological transition (also called
Lifshitz transition), which does not involve any symmetry breaking [4].
Positron annihilation has been successful for the determination of the FS in many metallic
systems, but similar studies of the copper oxide high temperature superconductors have met
difficulties since positrons do not probe well the FS contribution of the Cu-O planes [5].
Another direct probe of FS is the Angular Resolved Photo-Emission Spectroscopy (ARPES)
[6]. However, a concern with ARPES is that most of the information of the interacting
electron liquid is based on measurements from a surface sensitive technique that can be
applied only to a limited number of materials that cleave such as Bi2Sr2CaCu2O8−δ. Thus,
a risk is that experimental artifacts may be interpreted as fundamental physics.
At low doping, the FS signal from ARPES breaks up into Fermi arcs [7], which could be
part of closed hole pockets [8, 9]. The formation of small Fermi pockets in other underdoped
cuprates also emerges from quantum oscillation (QO) measurements in high magnetic fields
[10–14]. These FS pieces seen by QOs could be in fact produced by FS reconstructions when
some symmetry is broken [15]. According the theory by Lifshitz and Kosevich [16, 17], a
period of QO is linked to an extreme cross section of the FS. Nevertheless, QOs in the layered
and quasi-two-dimensional (2D) conductors may deviate from the LK theory developed for
3D conventional metals [18, 19].
Inelastic x-ray scattering [20, 21] in the deeply inelastic limit, can help to clarify the
nature of the FS in copper oxide high temperature superconductors since the corresponding
Compton scattering cross-section is well-known to become proportional to the ground state
EMD [22]. A Compton scattering study in single crystals of La2−xSrxCuO4 has directly
imaged in momentum space the character of holes doped into this material [23]. However,
improvements in the momentum resolution are still needed to bring Compton scattering
into the fold of mainstream probes for the cuprates FS. A recent Compton study of over-
doped La2−xSr2CuO4 [24] shows the difficulty of extracting details of the FS with the present
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ΓFIG. 1. The FS of HgBa2CuO4 is shown in the first Brillouin zone. It separates the occupied states
(yellow grid) from the unoccupied states (black grid).
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FIG. 2. Evolution of the Fermi surface in the kz = 0-plane in Ba2CuO3 (where one layer of apical
oxygen is missing) as a function of the rigid-band doping for 0, 0.15 and 0.30 holes per unit cell.
The FS evolution is almost identical in La2CuO4. Only 1/4 of the first Brillouin zone is shown.
The momentum units are 1/a, where a is the lattice constant.
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momentum resolution of about 0.15 a.u. Higher momentum resolution can also allow the
study of the FS smearing due to the superconducting energy gap opening [25] and to the
breakdown of the Landau-Fermi liquid picture [26]. Surprisingly, Compton scattering ex-
periments even on a simpler material such Li indicate that the EMD of the ground state
is not well described by the conventional Landau-Fermi liquid framework since the size of
the discontinuity Z at the FS seems to be anomalously small [27–30]. Such deviations from
the standard metallic picture can be ascribed to the possible existence of significant pairing
correlations in the ground state [26, 31, 32]. The notion of stabilizing the metallic state
through the resonant valence bond (RVB) state dates back to the early works of Pauling,
who first applied this model to the Li ground state [33]. Anderson then proposed the RVB
wave function as a ground state for the high temperature superconducting materials [34],
showing that this hypothesis is able of describing many aspects of the phase diagram of the
cuprates [35].
This paper shows how pairing correlation effects modify the occupation of the natural
orbitals [36, 37], which are used to calculate the electron momentum density [31] via a simple
generalization of independent particle model (IPM). In the IPM, states are either occupied
or empty [38].
The occupation numbers (corresponding to natural orbitals in Bloch states [39, 40]) are
calculated through a variational scheme based on the Antisymmetrized Geminal Product
(AGP) many-body wave function [26, 31, 41–46]. The AGP total energy functional is given
by [31, 42, 45]
EAGP = EHF + EBCS +O(1/N) , (1)
where EHF is the Hartree Fock energy functional, EBCS is a BCS-type functional and N is
the number of electrons in the system. Since the Coulomb interaction contained in EBCS
is repulsive, energy can be gained only through the exchange part EHF of the Hartree-Fock
functional. However, energy can also be gained through the term EBCS by the introduction
interactions with phonons [47]. Several authors [48–55] have considered similar functionals
of natural orbitals. Nevertheless, some of these functionals violate the N -representability
[31] and can become over-correlated. This problem is avoided here because the EAGP is
N -representable by construction.
To efficiently extract occupation numbers in a correlated electron gas, we start by ap-
proximating the natural orbitals by the Kohn-Sham orbitals [56]. For the sake of simplicity,
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we suppose that the eigenvalues are described by a single energy band denoted by E~k with µ
defining the chemical potential. The result for the AGP energy functional [31] minimization
gives the occupation numbers
n~k =
1
2
(
1−
(E~k − µ)
E~k
)
, (2)
where E~k is given by
E~k =
√
(E~k − µ)
2 + |∆~k|
2 . (3)
Two self-consistent equations are also involved, one giving ∆~k [57]
∆~k =
1
N
∑
~k′
J~k~k′∆~k′
2E~k
, (4)
and the other determining the chemical potential µ
N =
∑
~k
n~k. (5)
Following Ref. [31], one can assume that J~k~k′ is mostly given by an exchange integral. Thus,
an approximation for J~k~k′ is given by [31, 58]
J~k~k′ = δ~k~k′I~k , (6)
with
I~k =
1
3
∫
d3~r|ψ~k(~r)|
4
vx(~r)
n(~r)
, (7)
where vx(~r) = 2/π(3π
2n(~r)1/3) is the Kohn-Sham exchange potential [56] and n(~r) is the
electron density. By inserting this approximation in Eq. 4, one obtains
∆2~k =
I2~k − 4(E~k − µ)
2
4
. (8)
Therefore ∆~k is different of zero only if I~k > 2(E~k − µ).
The calculation of the occupation numbers for La2−xSrxCuO4 shown in Fig. 3 has been
performed within an efficient linear muffin-tin orbital (LMTO) band structure method [59].
In this case, the average I is about 1.67 eV. Therefore, at the Fermi energy ∆ ∼ I/2 = 0.83
eV. The momentum smearing produced by ∆ is given by
δk =
∆
vF
, (9)
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FIG. 3. Occupation number for La2−xSrxCuO4 in the limit x→ 0 as a function of the Kohn-Sham
eigenvalues. The Fermi level is at 0.
where vF is the Fermi velocity. By taking h¯vF ∼ π/a (where a = 7.16 a.u. is the lattice
constant) we find δk ∼ 0.07 a.u. This momentum smearing is slightly below the current
experimental momentum resolution of 0.15 a.u. available in Compton scattering experiments
[24]. A similar δk can be produced by the antiferromagnetic order [60] when x→ 0, but the
emergence of ferromagnetic fluctuations for x ∼ 0.25 leads to the destruction of both RVB
correlations and of the AF order in the over-doped regime [61].
In conclusion, the AGP method has been used to study the occupation numbers n~k
of natural orbitals in Bloch states of crystals. Values of n~k can be extracted from EMD
experiments [40] and compared to the present model. Strong modification of the occupation
numbers due to pairing correlations effects are predicted for La2−xSrxCuO4 with x → 0 in
an energy window of 0.83 eV around the Fermi energy. This effect produces a smearing of
the occupation in momentum space given by δk ∼ 0.07 a.u.
This work is supported by the US Department of Energy, Office of Science, Basic Energy
Sciences Contract No. DE-FG02-07ER46352. It has also benefited from Northeastern Uni-
versity’s Advanced Scientific Computation Center (ASCC), theory support at the Advanced
Light Source, Berkeley, and the allocation of computer time at NERSC through Grant No.
DE-AC02-05CH11231.
6
[1] Daniel I. Khomskii, Basic Aspects of the Quantum Theory of Solids Cambridge University
press (Cambridge 2010).
[2] B. Barbiellini and T. Jarlborg, Phys. Rev. B 50, 3239 (1994).
[3] T. Jarlborg, B. Barbiellini, R.S. Markiewicz, A. Bansil, Phys. Rev. B 86, 235111 (2012).
[4] I. M. Lifshitz, Sov. Phys. JETP 11, 1130 (1960).
[5] B. Barbiellini, J. Phys.: Conf. Ser. 443 (2013).
[6] A. Damascelli, Z. Hussain, Z.-X. Shen, Rev. Mod. Phys. 75, 473 (2003).
[7] M. R. Norman, H. Ding, M. Randeria, J. C. Campuzano, T. Yokoya, T. Takeuchi, T. Taka-
hashi, T. Mochiku, K. Kadowaki, P. Guptasarma et al., Nature (London) 392, 157 (1998).
[8] H.-B. Yang, J. D. Rameau, P. D. Johnson, T. Valla, A. Tsvelik, and G. D. Gu, Nature 456,
77 (2008).
[9] H.-B. Yang, J. D. Rameau, Z.-H. Pan, G. D. Gu, P. D. Johnson, H. Claus, D. G. Hinks, and
T. E. Kidd, Phys. Rev. Lett. 107, 047003 (2011).
[10] D. LeBoeuf, N. Doiron-Leyraud, J. Levallois, R. Daou, J.-B. Bonnemaison, N. E. Hussey, L.
Balicas, B. J. Ramshaw, R. Liang, D. A. Bonn et al., Nature 450, 533 (2007).
[11] Nicolas Doiron-Leyraud, Cyril Proust, David LeBoeuf, Julien Levallois, Jean-Baptiste Bon-
nemaison, Ruixing Liang, D. A. Bonn, W. N. Hardy, and Louis Taillefer, Nature 447, 565
(2007).
[12] C. Jaudet, David Vignolles, Alain Audouard, Julien Levallois, D. LeBoeuf, Nicolas Doiron-
Leyraud, B. Vignolle, M. Nardone, A. Zitouni, Ruixing Liang, D. A. Bonn, W. N. Hardy,
Louis Taillefer, and Cyril Proust, Phys Rev. Lett. 100, 187005 (2008).
[13] A.F. Bangura, J. D. Fletcher, A. Carrington, J. Levallois, M. Nardone, B. Vignolle, P. J.
Heard, N. Doiron-Leyraud, D. LeBoeuf, L. Taillefer, S. Adachi, C. Proust, and N. E. Hussey,
Phys. Rev. Lett. 100, 047004 (2008).
[14] S. E. Sebastian, N. Harrison, M. M. Altarawneh, C. H. Mielke, R. Liang, D. A. Bonn, W. N.
Hardy, and G. G. Lonzarich, Proc. Natl. Acad. Sci. USA 107, 6175 (2010).
[15] S. Chakravarty, Science 319, 735 (2008).
[16] I. M. Lifshitz and A. M. Kosevich, Zh. Eksp. Teor. Fiz. 29, 730 (1956).
[17] D. Shoenberg, Magnetic Oscillations in Metals (Cambridge University Press, Cambridge,
7
1984).
[18] V. M. Gvozdikov, Fiz. Nizk. Temp. 37, 1209 (2011).
[19] Sean A. Hartnoll and Diego M. Hofman, Phys. Rev. B 81, 155125 (2010).
[20] Yung Jui Wang, B. Barbiellini, Hsin Lin, Tanmoy Das, Susmita Basak, P. E. Mijnarends, S.
Kaprzyk, R. S. Markiewicz, and A. Bansil, Phys. Rev. B 85, 2245229 (2012).
[21] B. Barbiellini, P. Nicolini, Phys. Rev. A 84, 022509 (2011).
[22] I. G. Kaplan, B. Barbiellini, A. Bansil, Phys. Rev. B 68, 235104 (2003).
[23] Y. Sakurai, M. Itou, B. Barbiellini, P. E. Mijnarends, R. S. Markiewicz, S. Kaprzyk, J.-M.
Gillet, S. Wakimoto, M. Fujita, S. Basak, Yung Jui Wang, W. Al-Sawai, H. Lin, A. Bansil,
and K. Yamada, Science 332, 698 (2011).
[24] W. Al-Sawai, B. Barbiellini, Y. Sakurai, M. Itou, P. E. Mijnarends, R. S. Markiewicz, S.
Kaprzyk, S. Wakimoto, M. Fujita, S. Basak, H. Lin, Yung Jui Wang, S. W. H. Eijt, H. Schut,
K. Yamada, and A. Bansil, Phys. Rev. B 85, 115109 (2012).
[25] M. Peter, T. Jarlborg, A.A. Manuel, B. Barbiellini and S.E. Barnes, Z. Naturforsc. 48a, 390
(1993).
[26] B. Barbiellini, J. Phys. Chem. Solids 61 341 (2000).
[27] Y. Sakurai, Y. Tanaka, A. Bansil, S. Kaprzyk, A.T. Stewart, Y.Nagashima, T. Hyodo, S.
Nanao, H. Kawata, and N. Shiotani, Phys. Rev. Lett. 74, 2252 (1995).
[28] W. Schu¨lke, G. Stutz, F. Wohlert, and A. Kaprolat, Phys. Rev. B 54, 14381 (1996).
[29] G. Stutz, F. Wohlert, A. Kaprolat, W. Schu¨lke, Y. Sakurai, Y. Tanaka, M. Ito, H. Kawata,
N. Shiotani, S. Kaprzyk, and A. Bansil, Phys. Rev. B 60, 7099 (1999).
[30] Y.Tanaka, Y. Sakurai, A.T. Stewart, N. Shiotani, P.E. Mijnarends, S. Kaprzyk, and A. Bansil,
Phys. Rev. B 63, 45120 (2001).
[31] B. Barbiellini and A. Bansil, J. Phys. Chem. Solids 62 2181 (2001).
[32] D. Nissenbaum, L. Spanu, C. Attaccalite, B. Barbiellini and A. Bansil, Phys. Rev. B 79,03541
(2009).
[33] L. Pauling, Nature 61 1019 (1948).
[34] P. W. Anderson, Science 235 1196 (1987).
[35] P. W. Anderson, P. A. Lee, M. Randeria, T. M. Rice, N. Trivedi and F. C. Zhang, J. Phys.:
Condens. Matter 16, R755 (2004).
[36] P.O. Lo¨wdin, Phys. Rev. 97, 1474 (1955).
8
[37] O. Goscinski and P. Lindner, J. Math. Phys. 11, 1313 (1970).
[38] W. Kohn, Phys. Rev. Lett. 76, 3168 (1996).
[39] J.-L. Calais and Joseph Delhalle, Physica Scripta 38, 746 (1988).
[40] D.G. Lock, V.H.C. Crisp, and R.N. West, J. Phys. F: Met. Phys. 3, 561 (1973).
[41] J.M. Blatt, Progress of Theor. Phys. 27, 1137 (1962).
[42] J. M. Blatt, Theory of Superconductivity (Academic Press, New York 1964).
[43] A.J. Coleman, Rev. Mod. Phys. 35, 668 (1963).
[44] G. Bessis, P. Espanat and S. Bratoz, Int. J. Quantum Chem. 3, 205 (1969).
[45] O. Goscinski, Int. J. Quantum Chem. Quantum Chem. Symp 16, 591 (1982).
[46] D. van der Marel, Synthetic Metals 141, 149 (2004).
[47] M. Weger, B. Barbiellini and M. Peter, Z. Phys. B 94,387 (1994).
[48] S. Goedecker and C. J. Umrigar, Phys. Rev. Lett. 81, 866 (1998).
[49] S. Goedecker and C. J. Umrigar in Many-electron densities and reduced density matrices,
edited by J. Cioslowski and A. Szarecka (Kluver Academic, Dordrecht, 2000).
[50] G. Csa´nyi and T. A. Arias, Phys. Rev. B 61, 7348 (2000).
[51] M. A. Buijse and E. J. Baerends, Mol. Phys. 100, 401 (2002).
[52] O. Gritsenko, K. Pernal and E. J. Baerends, J. Chem. Phys. 122, 204102 (2005).
[53] N. Helbig, N. N. Lathiotakis, M. Albrecht, and E. K. U. Gross, Europhys. Lett. 77, 67003
(2007).
[54] S. Sharma, J. K. Dewhurst, N. N. Lathiotakis, E. K. U. Gross, Phys. Rev. B 78, 201103(R)
(2008).
[55] M. Piris, Int. J. of Quantum Chem. 113, 620 (2013).
[56] W. Kohn and L.J. Sham, Phys. Rev. 140 A, 1133 (1965).
[57] B. Barbiellini, M. Weger and M. Peter, Helvetica Phys. Acta 66, 842 (1993).
[58] J.F. Janak, Phys. Rev. B 16, 255 (1977).
[59] B. Barbiellini, S. B. Dugdale and T. Jarlborg, Computational Materials Science 28, 287 (2003).
[60] J. Friedel and M. Peter, Europhys. Lett. 8, 79 (1989).
[61] B. Barbiellini and T. Jarlborg, Phys. Rev. Lett. 101, 157002 (2008).
9
